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a b s t r a c t
We analyze the dynamics of the Bianchi I model in the presence of stiff matter, an ultrarelativistic
component and a small negative cosmological constant. We quantize this model in the framework of
the polymer quantum mechanics, in order to introduce cut-off features in the minisuperspace dynamics.
We then apply to the polymer Wheeler–DeWitt equation, emerging from the Dirac constraint, an
adiabatic approximation a la Vilenkin, which treats the Universe volume as a quasi-classical variable,
becoming de facto the dynamical clock for the pure quantum degrees of freedom, here identiﬁed in the
Universe anisotropies.
The main issue of the present analysis consists of determining a cyclical evolution for the Bianchi I model,
oscillating between the Big-Bounce induced by the cut-off physics and the turning point due to the small
cosmological constant. Furthermore, the mean value of the Universe anisotropy variables remains ﬁnite
during the whole evolution, including the phase across the Big-Bounce. Such a feature, according to a
suitable choice of the initial conditions makes the present cosmological paradigm, a viable scenario for
the description of a possible primordial and late phases of the actual Universe.
© 2017 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3 .

1. Introduction
The existence of a singularity in the dynamics of the cosmological models is a very general feature of the Einstein equations,
see [1] for a characterization of the generic cosmological solution
and [2] for general theorems on this topic.
The idea that the non-physical feature of the singularity in the
cosmological problem could be removed by quantum effects has
been reliably proposed since very long time [3]. However, the implementation of the canonical quantum gravity, i.e. of the so-called
Wheeler–DeWitt equation [4], [5], [6], did not provide a clear answer in this direction and, in general, the singular point remains
dynamically available, especially in the sense of a quasi-classical
limit of the quantum theory. In particular, in a general minisuperspace representation, the volume of the Universe takes the role of
the time variable for the quantum dynamics and therefore its vanishing value (corresponding to the energy density divergence) is
always accessible for the system evolution [7], [8], [9].
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Clearly, approaches of canonical quantum gravity to speciﬁc
models (see [10], [11]) of different quantum gravity approaches
[12], [13], were able to provide non-singular and, in case, cyclical
Universes.
However, the idea that the so-called Big-Bounce could replace
the Big-Bang singularity emerged in a more general perspective
when it became clear that the implementation of Loop Quantum
Gravity [9], [14] to the cosmological problem could provide a reliable cut-off on the physics of the singularity. For a review of
the most signiﬁcant results obtained in this ﬁeld about ten/ﬁfteen years ago, see [15], [16], [17]. Despite this Loop quantum
Gravity Theory is not at all free from criticisms [18], [19], [20]
and applicability limits to more general models than the simplest
isotropic Universe [21], [22], nonetheless, from the derivation of
the Big-Bounce in the Loop Quantum Cosmology, a new point of
view emerged in theoretical cosmology, based on the idea that a
cut-off on the singularity could naturally appear as effect of a nonperturbative treatment of the quantum gravity effects.
An interesting procedure of quantization, able to account the
discreteness of the conﬁgurational variables, is provided by the socalled polymer quantum mechanics [23], [24]. The implementation
of this revised quantum mechanical approach to the minisuperspace variables, in particular to the Universe volume, demonstrated
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its capability to mimic some important features of the Loop Quantum Cosmology, but the possibility to deal with a simpler metric
approach, makes the polymer minisuperspace a much more viable
procedure, even for rather complicated cosmological models, with
respect to the cosmological restriction of the Loop Quantum gravity. For a recent discussion of the Big-Bounce cosmology, associated
to the dynamics of the Bianchi I and IX model in Polymer quantum
Cosmology, see [25].
Here, we complete and generalize the ideas proposed in that
paper, by considering the polymer quantum dynamics of a Bianchi
type I model, containing three different matter contributions: stiff
matter, ultrarelativistic matter and a small negative cosmological
constant (the latter has been implemented in a different context
in [10]).
The dynamics of the model is described by adopting an adiabatic separation of the polymer quantum dynamics, according to
the Vilenkin formulation for the Universe wavefunction interpretation [26].
The variable we consider as the semi-classical one is the Universe volume, i.e. a function of the isotropic cosmic scale factor,
in terms of which also the matter contributions can be expressed.
The anisotropy variables, described via the standard Misner variables β± , remain instead real quantum degrees of freedom and
their dynamics is analyzed via the Ehrenfest theorem, also compared to the wave packet behavior.
By this scenario, we are able to demonstrate that the Bianchi I
dynamics is reduced to a cyclical Universe, oscillating between the
bounce, ensured via the polymer cut-off physics and the later turning point due to the negative cosmological constant. Furthermore,
we are able to follow the dynamics of the Universe anisotropies,
showing how their values remain ﬁnite during all the evolution,
even across the bounce point. This last result is relevant in view
of implementing in the thermal history of the present Universe a
bounce cosmology [27], since it is always possible to remain suﬃciently close to an isotropic Universe.
The main merit of the present analysis is to clarify how the dynamics of an intrinsically anisotropic model, like the type I, can
be reconciled with a possible scenario for the present Universe,
as soon as cut-off and semi-classical effects are considered in its
morphology. However, more than to link the actual model with
the thermal history of the present Universe, here we aim to calculate the anisotropy behavior across the bounce and their later
evolution, in order to clarify how they no longer explode and can
be maintained under control in the Universe dynamics, via suitable
initial conditions.
The paper is structured as follows.
In Section 2 we introduce the basic cosmological features related to the ﬂat homogeneous and isotropic Friedmann–Roberston–
Walker model and to the to the ﬂat homogeneous one, i.e. the
Bianchi I model.
Then, in Section 3, it is taken in consideration the polymer
representation of the quantum mechanics. In particular, for the
one-dimensional particle case, we introduce the kinematic and the
dynamical proprieties of this approach in order to analyze the
modiﬁcation induces by the polymer implementation of the quantum mechanics.
Section 4 is dedicated to the introduction of the Vilenkin approach for the wave function of the Universe. In this scheme, here
reported as in the original Vilenkin work, it is considered, for
a generic homogeneous Universe, the semiclassical dynamics (by
studying the Hamilton–Jacobi equation related to the classical action) and the evolution of the variables related to the behavior of
the pure quantum degrees of freedom of the system.
Then, in Section 5, the Bianchi I model in presence of several
kind of matters is considered in the scheme of the Misner-like

variables. In particular, by choosing the Vilenkin interpretation for
the wave function of the Universe, we analyze from the semiclassical point of view the evolution of the isotropic variable (related
to the volume of the Universe) towards the singularity and from
the quantum point of view the behavior of the quantum degrees
of freedom: the anisotropies.
Moreover, the polymer generalization of the previous described
model is illustrated in Section 6. In particular, we consider the
modiﬁcations induced in the conﬁguration variables dynamics towards the initial singularity when a polymer discretization of the
Universe volume occurs.
A section dedicated to concluding remarks complete the paper.
2. Cosmological framework
In this section, we provide the basic cosmological paradigm to
properly interpret our analysis, with particular reference to the
dynamical characterization of the considered model. We start by
recalling the basic evolution scheme of the isotropic Universe, associated to the Robertson–Walker geometry, in order to provide a
clear link to the adopted Bianchi I model, which corresponds to a
generalization of the isotropic ﬂat Universe. Then, we will give the
full dynamical scheme, for what concerns both the geometry and
the matter sources, on which the set up of the Bianchi I model as
a cyclical Universe is based.
2.1. Isotropic Universe
When we study the Universe, we can see that on a scale large
enough ( 100 Mpc) the spatial distribution of matter in the Universe is homogeneous and isotropic, as stated by the Cosmological
Principle [28]. In a synchronous frame, the metric that corresponds
to such a space-time is the Robertson–Walker (RW) geometry,
whose line element is

ds2 = −c 2 dt 2 + a(t )2 dl2 ,
1
dr 2 + r 2 dθ 2 + r 2 sin2 θ dφ 2
dl2 =
1 − kr 2

(1)
(2)

where the coordinates (t , r , θ, φ) are comoving coordinates, a(t ) is
the cosmic scale factor and k, after a proper redeﬁnition of the
scale factor, can take only the values {+1, −1, 0} if the space is respectively at constant positive, negative, or zero spatial curvature.
In order to obtain information about the dynamics of the homogeneous and isotropic Universe, we have to study the Einstein
equations
ν,
G νμ = χ T μ

(3)
4

ν is the energy-momentum tensor.
where χ = 16cπ G and T μ
The requirement for the stress-energy tensor T μν is to be
consistent with the symmetries of the metric (homogeneity and
isotropy). For this reason, it would be necessary diagonal and with
equal spatial components. The simplest fulﬁllment of this requirements is the perfect ﬂuid case, with energy density ρ (t ) and pressure p (t ):

T μν = diag (ρ , − p , − p , − p ).

(4)

Therefore, if we take the 0–0 component of Eq. (3) for the line
element (1) we obtain the well-known Friedmann equation for the
isotropic Universe

 2
2

H (t ) ≡

ȧ

a

=

8π G
3c 2

ρ−

kc 2
a2

.

(5)
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Furthermore, making the difference between the i − i component
and Eq. (5) we lead to the acceleration equation

ä
a

=−

4π G
3c 2

(ρ + 3p )

(6)

where we have a decelerating Universe when p > − 13 ρ . From thermodynamic considerations we obtain a continuity equation that
give us an expression for the energy density as a function of the
scale factor

ρ (a) =

μ2
a 3 (1 + w )

(7)

where μ is a constant parameter and w came from the equation
of state p = w ρ . It is also possible to obtain, for different values of
the parameter of state w  const ., the explicit dependence of the
scale factor as a function of the synchronous time. Hence, for the
case k = 0 or a → 0 from the Friedmann equation we get
2

a(t ) ∝ t 3( w +1) .

(8)

In this paper, we will adopt a generalization of the present cosmological paradigm in order to account for Universe’s anisotropies,
still preserving the homogeneity.
2.2. Bianchi I dynamics
When we consider only homogeneous Universe with different
anisotropic degree we obtain Bianchi’s Universe, that are a classiﬁcation of tridimensional Lie’s group calculated starting from the
structure constant



c
C ab
=


∂ ecβ α β
∂ ecα
−
e e
∂ xβ
∂ xα a b

(9)

where ea , ea are Cartesian versor with component eaα , eaα . In an homogeneous spacetime, such a constants can be naturally rewritten
as

C ab = nab + εabc ac

(10)

b
where nab = nba is a symmetric matrix, aa = C ba
is a dual vector

and εabc = εabc is the totally antisymmetric tridimensional LeviCivita tensor. Through Jacobi Identities



 
 

[ea , eb ], ec + [eb , ec ], ea + [ec , ea ], eb = 0

(11)

we obtain n ab = 0. Now, if we redeﬁne ab vector as ab = (a, 0, 0)
and nab matrix as nab = diag {n1 , n2 , n3 }, we can rewrite (10) as
an1 = 0, whose solutions are a = 0 or n1 = 0. When a = 0 we have
six Class A Models and when a = 0 we have three Class B Models.
In the next, we will focus on the Bianchi I model, the simplest
one, for which a = 0 and n1 = 0, i.e. the constant of structures (and
the spatial curvature) vanishes. The Bianchi I model is the natural
anisotropic extension of FRW model with k = 0, so it generalizes
an homogeneous ﬂat Universe.
The description of the model will be done with respect to the
Misner-like variables {a, β± } (the original isotropic Misner variable
is α = ln a).
Following the Misner parametrization [8], the line element for
a generic Bianchi model can be written as
ab

ds2 = N (t )2 dt 2 − ηab ωa ωb ,
a

(12)

= ωα dxα is a set of three invariant differential forms,
a

where ω
N (t ) is the lapse function (N (t ) = 1 in synchronous time) and
ηab is deﬁned as ηab = a2 (e2β )ab . In this scheme, a expresses
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the isotropic volume of the Universe (for a → 0, the initial
√ singularity
√ is reached), while the matrix βab = diag (β+ + 3β− ,
β+ − 3β− , −2β+ ) accounts for the anisotropy of this model.
All the dynamical information about the Bianchi I model in the
vacuum case is collected, in the Arnowitt–Deser–Misner (ADM)
formalism, in the associated superHamiltonian constraint H, that
in the Misner-like variables takes the form

N (t )H =

G N (t ) 
24π

a3 c 3


−a2 pa2 + p 2+ + p 2− ,

(13)

and { pa , p + , p − } are the conjugated momenta related to the
Misner-like variables. Through Eq. (7) it is possible to introduce
a matter contribution inside the superHamiltonian when the opportune w is chosen. Indeed, the expression of the energy density
depends only on the volume of the Universe (i.e. a3 ) and not on
the anisotropic variables {β+ , β− }, as conﬁrmed by the conservation law by the energy-momentum tensor ∇ μ T μν = 0 [29].
In Section 5 we will take three different contribution, given
by the stiff matter (w = 1), the negative cosmological constant
(w = −1) and the ultra relativistic case (radiation) (w = 1/3).
3. Polymer quantum dynamics
Now we summarize the fundamental features of the polymer
quantization scheme and we will give a general picture of the
model through the kynematical and dynamical properties. The
Polymer representation of quantum mechanics is non-equivalent
to the usual Schrödinger quantum mechanics approach, and it is
based on a modiﬁed Commutation Rules and it represents a useful tool when one or more of the phase space variables are discretized [23]. Let us consider a set of kets |μi with μi ∈ R and
discrete index i = 1, . . . , N. The vectors |μi belong to the Hilbert
space H poly = L 2 (Rb , dμ H ). The inner product between two kets
is ν |μ = δν ,μ and system state is described by a generic linear
combination of them

|ψ =

N


a i |μ i

(14)

i =1

We can identify two fundamental operators in this space, label operator ε̂ and shift operator ŝ(λ), that act as follows

ε̂ |μ = μ |μ

,

ŝ(λ) |μ = |μ + λ

(15)

where the parameter λ is arranged in the quantization procedure
but, in principle, it can takes all the real values on the positive
axes. This one-dimensional system is characterized by a the position variable q and the conjugate momenta p.
In the next we will make the choice to assign a discrete characterization to the variable q and to describe the wave function of
the system in the p-polarization. The projection of the states on
the pertinent basis vectors is
i

φμ ( p ) = p |μ = e h̄ μ p

(16)

and it is possible to show that the label operator represents exactly the position operator after the introduction of two unitary
operators U (α ) = e i αq̂ and V (β) = e i β p̂ , (α , β) ∈ R which obey the
Weyl Commutation Rules (WCR) U (α ) V (β) = e i α β V (β)U (α ). However, it is not possible to deﬁne a differential momentum operator,
as a consequence of the discontinuity for ŝ(λ) pointed out in (15).
To study the dynamical properties of this model we have to
investigate the system from the Hamiltonian point of view. A onedimensional particle of mass m in a potential V (q) is describing by
the Hamiltonian
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p2

H=

+ V (q).

2m

(17)

Being q a discrete variable, it is impossible to deﬁne, in the
p-polarization, the operator p̂ as a differential operator. To solve
this problem we deﬁne a subspace Hγλ of H poly . This subspace
contains all vectors that live on the lattice of points identiﬁed by
the lattice spacing λ in this way

γλ = {q ∈ R|q = nλ, ∀n ∈ Z},

(18)

where λ has the dimensions of a length. This means that the basic
vectors take the form |μλ with μλ = λn and the states are deﬁned
as a linear combination of them

|ψ =



bn |μn .

(19)

n

The basic procedure of the polymer quantization consists in the
approximation of the term corresponding to p̂, the non-existing
operator, and to ﬁnd for this term an appropriate and well-deﬁned
quantum operator. In both p and q polarizations, the operator V̂
is exactly the shift operator ŝ and, through this identiﬁcation, it is
possible to write an approximate version of p̂. Thus, for p  h̄/λ,
we get

p

h̄

λ



λp

sin



h̄

=

h̄
2i λ



i

i



e h̄ λ p − e − h̄ λ p ,

(20)

and we can now deﬁne a new regulated operator p̂ λ as

p̂ λ |μn =

h̄ 
2i λ


|μn−1 − |μn+1 .

(21)

It is also possible to deﬁne an approximate version of p̂ 2 , always
for p  h̄/λ in an analogous way:
2

p 

2h̄



2

λ2

1 − cos

λp
h̄



=

2h̄

2

λ2

1−e

i
λp
h̄

−e

− i λp 
h̄

,

(22)

whose operatorial version is

p̂ 2λ |μn =

h̄

2

λ2

2 |μn − |μn+1 − |μn−1


.

(23)

1

p̂ 2 + V (q̂)
2m λ

4. Vilenkin
In quantum cosmology the Universe is described by a wave
function, which represents the solution of the Wheeler–DeWitt
(WDW) equation. Let us consider the homogeneous minisuperspace model [3].
The action for this class of model is

dt [ p α ḣα − N ( g α β p α p β + U (h))],

(26)

where the operator H 0 = ∇02 − U 0 is the part that survives when
we neglect all the quantum variables qν and their conjugated momenta. The smallness of the quantum subsystem is ensured by the
existence of a small parameter  for which

Hqψ
H 0ψ

= O ( ),

(27)

where  is a small parameter proportional to h̄. The wave function
of the Universe can be written as

ψ(h, q) = A (h)e i S (h) χ (h, q).

(28)

In order to perform a WKB expansion as a series in  in a properly
way, we point out that the potential term U 0 (h) is of the order
 −2 and the action S (h) is of the order  −1 . So, if we consider
the wave function (28) inside the equation (26) we obtain, at the
lowest order in  , the Hamilton–Jacobi equation for S:

g α β (∇α S )(∇β S ) + U = 0,

(29)

and at the next order we obtain

(30)

The terms of equation (30) can be decoupled in a pair of equation making use of the Adiabatic Approximation [30]. It consist in
requiring that the semiclassical evolution be principally contained
in the semiclassical part of the wave function, while the quantum
part depends on it only parametrically. The adiabatic approximation is therefore expressed by the condition

(24)

The Hamiltonian operator Ĥ λ is a well-deﬁned and symmetric operator belonging to Hγλ .
This revised procedure of quantization is particular relevant
when applied to the scale factor variables, since it becomes a tool
to account for cut-off physics in the Universe quantum dynamics.

S=

(∇02 − U 0 − H q )ψ = 0,

2∇ A ∇ S + A ∇ 2 S + 2i ∇ S ∇ χ − H q χ = 0

Remembering that q̂ is a well-deﬁned operator as in the canonical
d
way (i.e. q = i h̄ dp
), the approximate version of the starting Hamiltonian (17) is

Ĥ λ =

superspace metric and U (h) takes into account the spatial curvature and the potential energy of the matter ﬁeld. In order to
achieve a clear probabilistic interpretation of the Universe wave
function, we follow the Vilenkin approach [26] in which there is a
separation of the conﬁguration variables in two classes: semiclassical and quantum ones. This way the quantum variables represent
a small subsystem of the Universe and the effects of this variables
on the semiclassical ones are negligible. We will use hα to denote
semiclassical variables and qν the quantum variables. The WDW
equation for the action (25) takes the form

(25)

where hα represents the superspace variables, p α are the conjugated momenta to hα , N = N (t ) is the lapse function, g α β is the

|∂h A (h)|  |∂h ϕ (h, q)|

(31)

Using the relation (31) in (30) we obtain

1
A

∇( A 2 ∇ S ) = 0 ,

2i ∇ S ∇ χ − H q χ = 0

(32)

The ﬁrst equation represents the conservation of the current obtained neglecting the quantum part of the wave function (28). The
second equation can be recasts in a Schrödinger-like form for the
quantum subsystem using the relation ḣα = 2N ∇ α S in order to
obtain

i

∂χ
= N (t ) H q χ
∂t

(33)

The adiabatic scenario here described will be adopted in what
follows to the Bianchi I model by considering the isotropic variable
a (i.e. the Universe volume) as the quasi-classical component and
the anisotropies β± like the pure quantum variables.
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5. Canonical Bianchi I quantum dynamics
In this section we consider a model in order to study the possibility to introduce a cyclical behavior for the Bianchi I Universe
in presence of a matter contribution. Let us consider a Universe
described by a Bianchi I model ﬁlled with three different kinds of
matter: stiff matter, a negative cosmological constant and an ultrarelativistic component. The description of the model will be done
with respect to the Misner-like variables {a, β± } and in this case
the superHamiltonian constraint takes the form

H=

G
24π a3 c 3

−a2 pa2 + p 2+ + p 2− − a6 + μ2st + μ2ur a2

(34)

where  > 0 is the magnitude of the negative cosmological constant contribution and μst , μur represent respectively the stiff
matter and the ultrarelativistic matter contributions. The canonical
quantization of the model will be perform in the pa -polarization.
We will analyze a comparison between the case in which the polymer paradigm is not applied (the standard case) and the case
when all the conﬁguration space variables exhibit a discrete nature. Through this comparison we will see how the polymer quantization effects the nature of the initial singularity.
We start studying a canonical quantization imposing that the
physical states ψ being annihilated by the operator H, the quantum version of the superHamiltonian constraint (34). We have
that the action of the operator { p̂a , p̂ + , p̂ − } is multiplicative, while
{â, β̂+ , β̂− } act as a derivative operators:

â = ih̄

∂
∂ pa

= ih̄∂ pa

,

β̂± = ih̄

∂
∂ p±

= ih̄∂ p ±

(35)

The quantum counterpart of the superHamiltonian constraint (34),
the WDW equation, can be written as

h̄2 pa2 ∂ p2a + p 2+ + p 2− + h̄6 ∂ p6a + μ2st − h̄2 μ2ur ∂ p2a ψ = 0

(36)

i

(37)

Considering for the wave function the shape above in the WDW
equation leads, to the lowest order in h̄, to the Hamilton Jacobi
equation for the classical action

pa2 = −( Ṡ )4 +

μ2st
( Ṡ )2

+ μ2ur

(38)

where (˙∗) ≡ ∂ ∂p and clearly the anisotropies or their conjugated
a
momenta, which are the quantum variables, does not appear. Indeed, the lowest order in the WKB expansion performed respect
to the h̄ parameter takes into account the semiclassical behavior
of the whole system, and this regard only the isotropic variable.
Making a comparison between (38) and the superHamiltonian constraint (34) when the anisotropies are frozen (so that the term
p+ + p−
a3
2

2

is neglected), we can establish the connection Ṡ = a and
rewrite equation (38) as

pa2 = −a4 +

μ2st
a2

+ μ2ur

Then, it is possible to obtain the explicit solution for a = a(t ) making use of equation (39) together with the Hamiltonian Equation

da
dt

=

∂H
Gpa
=−
,
∂ pa
12π c 3 a

(39)

(40)

in order to achieve

da
dt

=

G
12π

1
c3

−a4 +

a

μ2st
a2

+ μ2ur .

(41)

This differential equation is not analytically integrable, thus we
must perform a numerical study It is possible to obtain an information about the maximum value of the scale factor a from the
square root in Eq. (41). Indeed, from da
= 0 we obtain the condidt
tion (−a4 +

Following the Vilenkin interpretation of the wave function, we
choose to assign the semiclassical character to the isotropic variable a, while the anisotropies { p + , p − } characterize the quantum
subsystem. After this, we can write the wave function of the Universe, following (28), as

ψ( pa , p ± ) = χ ( pa )ϕ ( pa , p ± ) = A ( pa )e h̄ S ( pa ) ϕ ( pa , p ± )

Fig. 1. The blue line represents the standard behavior a(t ) evaluated from Eq. (40).
The consideration of the negative cosmological constant term is the reason of the
presence of the two singularities, one in the past and one in the future. (For interpretation of the references to color in this ﬁgure, the reader is referred to the web
version of this article.)


amax (t ) =

μ2st
a2

2

+ μ2ur ) = 0 that tells us

1/3

μur +

3B

where B = 92 μst +

√ 

B
18

(42)

3 274 μ2st − 43 μ3ur . It is easy to see, as

reported in Fig. 1, that such a solution describe an evolution of
the Universe of the scale factor between two singular points via a
turning point ensured by the presence of the negative cosmological
constant.
The next order in the WKB expansion gives us an equation that
by means of the adiabatic approximation can be decoupled in two
distinct contributions. We require that the pa -evolution is mainly
contained in the amplitude A, while the isotropic variation of the
quantum part ϕ is negligible, so we can express che adiabatic condition as

|∂ pa χ ( pa )|  |∂ pa ϕ ( pa , p ± )|

(43)

This provide with the two independent equation

ipa2

( A 2 S  ) +

3i 

( A 2 ( S  )5 ) −

i μ2ur

( A 2 S  ) = 0
A
A
A
i2ϕ  ( S  ) pa2 + 6i ϕ  ( S  )5 − 2i μ2ur ( S  ) + ( p 2+ + p 2− )ϕ = 0

(44)
(45)

The ﬁrst equation corresponds to the conservation of the current
∇ pa J pa = 0, while the second equation provides the evolution of
the quantum subsystem
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2iaϕ̇ ( pa2 + 3a4 − μ2ur ) = ( p 2+ + p 2− )ϕ

(46)

∂ϕ
∂ pa . It is possible to write a Schrödinger-like equation
∂ϕ
∂ϕ
for the quantum wave function ϕ using the relation ∂ p = ∂ t ∂∂pt =
a
a
∂ ϕ ȧ
˙
.
We
obtain
p
by
differentiating
with
respect
to
the
syna
∂ a p˙a

where

ϕ̇ =

chronous time equation (39)



p˙a = −2ȧ 2a3 + μ2st a−3



(47)

and then we can rewrite equation (46) as

∂ϕ
= ( p 2+ + p 2− )ϕ
∂τ

ih̄

(48)

where we used the relation

da



τ=

2a2 −a4 +

μ2st
a2

(49)

+ μ2ur

The solution of Eq. (48) corresponds to a wave function of the form
i

i

i

ϕ (τ , p ± ) = C e h̄ E τ e h̄ k+ p+ e h̄ k− p−
with E =

(50)

(k2+ +k2− )

and where (k+ , k− ) are the quantum numbers
associated to the anisotropies, for which is valid the dispersion
relation k± = h̄ < β± >. We now analyze the behavior of the quantum variables through the anisotropies. Let us introduce the Ehrenfest Theorem [31], a useful instrument to study the evolution of a
quantum operator. Let |ϕ be the state of the quantum subsystem
built starting by the wave function (50). The expectation value of
the quantum operators {β̂+ , β̂− } corresponds to
h̄2

β̂± = ϕ |β̂± |ϕ

(51)

The time derivative of the expectation value of a time independent
operator A is given by

d
dt

A =

Fig. 2. The red points represent the position of the maximum of the wave packet
|k∗± (τ (a), β± )| evaluated via numerical integration. The continuous blue line represents the trajectory evaluated with the same parameters from the Ehrenfest theorem. In both cases the analysis conﬁrm the diverging behavior of the anisotropies
next to the singularities. (For interpretation of the references to color in this ﬁgure,
the reader is referred to the web version of this article.)

1 
ih̄

A, H



(52)

where H is the Hamiltonian of the system.
 The only
 non-vanishing

position-momentum commutators are β+ , p + = β− , p − = i h̄,
so that we can apply it to the anisotropies in order to obtain



d β̂±
G
G p±
=
β± , p 2± =
3
3
dt
24ih̄π a c
12π a3 c 3

(53)

Actually, the numerical integration of the maximum of the wave
packets and of the Ehrenfest theorem provides the same dynamical behavior of the Universe anisotropies, see Fig. 2. It is worth
stressing that in the singularities (a  0) the average values of the
anisotropies diverge.
6. Polymer Bianchi I quantum dynamics
As shown before for the one-dimensional particle case, if we
consider the position variable q as a discrete variable, it is impossible to associate a differential quantum operator for the conjugated
momenta p. Thus, through the polymer procedure we can identify
an approximate version of the operator p̂ which, in the momentum polarization, acts multiplicatively on the states of the system.
Following equation (22) we consider the polymer paradigm substitution for the whole conﬁguration space variables:

p 2i →



2h̄2

1 − cos

λ2



h̄p i

(57)

,

λ

where we used the commutation rule [ A , BC ] = [ A , B ]C + B [ A , C ].
Applying the Ehrenfest theorem to the operators p̂ ± , it is possible
to show that them expectation values are constants of motion:

where i = {a, β+ , β− }. This way, the superHamiltonian constraint
(34) and the WDW equation (36) are modiﬁed as


d p̂ ±
1 
=
p ± , H = 0 → p̂ ± = const .
dt
ih̄

H=
(54)

Using the above result in equation (53) with the time-evolution for
the isotropic variable in equation (41) we arrive at the differential
equation

d β̂±
da

=



G p̂ ±

c 3 a2 −a4 +

μ2st
a2

(55)

,
+μ

2
ur

that has no analytic solution and has to be numerical integrated.
We can also study the average values of the anisotropies by
analyzing the numerical evolution of the wave packets built as follows

k∗± (τ (a), p ± ) =

dk± e

2
(k+ −k∗
+)
−
2
2σ+

e

2
(k− −k∗
−)
−
2
2σ−

ϕ (τ , p ± ),

where we choose Gaussian weights to peak the wave packets.

(56)

G
24π a3 c 3

+

2h̄

−a2

2

1 − cos

λ2


h̄p +

1 − cos

λ2



2h̄2


+

λ

h̄pa



λ
2h̄



2

λ2

1 − cos

h̄ p −



λ

− a6 + μ2st + μ2ur a2 = 0
2h̄2
h̄2 2
λ

+
=0


1 − cos
2h̄

2

λ2

h̄pa

λ


1 − cos

(58)


∂ p2a

h̄ p −

λ



+

2h̄2

λ2


1 − cos

h̄p +



λ

+ h̄6 ∂ p6a + μ2st − h̄2 μ2ur ∂ p2a ψ
(59)

As in Sec. 5, we now consider the wave function of the Universe (37) inside (59). At the lowest order of the expression in
h̄ we obtain the semiclassical level and the Hamilton–Jacobi equation obtained can be written as
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pa =

h̄

λ

arccos 1 −

λ2
2



μ2
−a4 + 2st + μ2ur ,
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(60)

a

where we have identiﬁed again Ṡ = a. From the superHamiltonian (58) we can write the Hamilton equation for the isotropic
variable

ȧ =

da
dt

=



∂H
G
λ pa
sin
=
∂ pa
h̄
12π λc 3 a

(61)

Introducing Eq. (60) in Eq.√(61) and making use of the trigonometric relation sin arccos x = 1 − x2 , we arrive to
da
dt

=



G

−a4 +

12π c 3 a

μ2st
a2


+ μ2ur

1−

λ2
4



μ2
−a4 + 2st + μ2ur
a

(62)
Looking at the latter equation it is immediate to show the existence of two particular values where da
changes the sign and
dt
represent respectively maximum value and minimum value for the
scale factor a

 1/3
amin =

2

−4

B


amax =

2
ur

μ

 1/3

2

1/3

with

B = 27λ6 2 μ2 st +




+

3C

C = 92 μ2st +

2

+ λ2 μ2ur

+

B

 1/3

1

B

3 λ2 

(63)

2

1/3

C

(64)

,

183



729λ12 4 μ4st (12λ2  − 3λ4 μ2ur )3

814 μ4st − 123 μ6ur .

(65)
(66)

Again, it is not possible to obtain an analytic solution for (62),
so we operate a numerical integration starting from the maximum
value of the scale factor a to the minimum and compare the result
with what we obtain studying (41). What we see from Fig. 3 is that
far from the singularity the standard and the polymer solution for
the scale factor tend to become identical. Instead, for t → 0, we
can see that the polymer contribution becomes predominant so
that the scale factor a reaches the value given by (63) and not
a = 0. Furthermore, joining together the route associated to the
expanding Universe and the one to the collapsing we get a cyclical
behavior of the isotropic variable which oscillate between the big
bounce (induced by the polymer cut-off physics) and the turning
point (due to the small negative cosmological constant).
Proceeding in the same way as in the previous Section, we have
at the ﬁrst order in h̄ the quantum part of the wave function ϕ .



2ih̄ϕ̇



a

5

2
ur a

2

= p±ϕ

1 − cos (λ pa ) + 3 − μ

λ2

∂ϕ

(67)

∂ϕ

where ϕ̇ = ∂ p = ∂ a pȧ˙ . We get p˙a through a differentiation of the
a
a
relation (60) and equation (62) in order to write

p˙a =

(2a4 + μ2st a−2

(68)

12π a2

This way we can write equation (67) as

ih̄





∂ϕ
2h̄2
h̄p +
2h̄2
h̄p −
+ 2 1 − cos
)ϕ (69)
= ( 2 1 − cos
∂τ
λ
λ
λ
λ

with a time-like variable

τ=
2a2

τ
da



−a4 +

μ2st
a2



+ μ2ur 1 −

λ2
4



−a4 +

μ2st
a2

+ μ2ur


(70)

Fig. 3. The behavior of the scale factor a(t ) near and away from the singularity when
the polymer modiﬁcation is considered. For late times, the evolution of the isotropic
variable resembles the same standard solution shown in Fig. 2 while, for early times,
the polymer substitution implies the replacement of the Big Bang singularity with
a Big bounce.

We can see that if we implement the limit λ → 0 we turn back
to a time-like variable τ like the one obtained in (49). This allow
us to write down the analytic version of the quantum part of the
wave function ϕ
i

i

pol

ϕ (τ , p ± ) = C e h̄ E τ e h̄ P +

p+

i

pol

e h̄ P −

p−

,

(71)

where

E=
pol

2

2 − cos λ p + − cos λ p −

λ2

P± =

1

λ

arccos (1 −

k2± λ2
2

)

(72)
(73)

and {k+ , k− } are the quantum numbers associated to the anisotropies. We now analyze the behavior of the quantum variables associated to the Universe anisotropies. We will use again the Ehrenfest
Theorem and its application to β̂± . We thus have




d β̂±
1 
G
G sin (λ p ± )
=
β± , H =
β± , p 2± =
3
3
dt
ih̄
24ih̄π a c
12π a3 c 3
(74)
As for the time-like variable τ , we can not get an analytic result
for the Ehrenfest Theorem, so we perform a numerical integration
in order to obtain
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Fig. 4. The behavior of β(a). The blue line represents the result of the numerical
integration of (75), while the red dots are the results of the numerical integration of the wave packet obtained from (76). With the introduction of the polymer
application, the singularity is removed and the anisotropies don’t diverge. (For interpretation of the references to color in this ﬁgure, the reader is referred to the
web version of this article.)

β

±

=
c 3 a2



daG sin (λ p ± )

−a4

+

μ2st
a2


+ μ2ur 1 −

λ2



4

−a4 +

μ2st
a2

+ μ2ur



(75)
In Fig. 4 is shown the behavior of the quantum expectation
value β̂± in the polymer case compared to the standard dynamics.
We can easily see that far away from singularity the two trajectories are almost overlapped, and the polymer contributions became
important only when a → amin , since the singularity is removed
due to the semiclassical behavior of the isotropic variable in this
scenario. An additional conﬁrm of the dynamics of the anisotropies
can be provide by studying the behavior of the maximum of the
wave packet built from the wave function (71) as follows

k∗± (τ , p ± ) =

dk± e

−

2
(k+ −k∗
+)
2
2σ+

e

−

2
(k− −k∗
−)
2
2σ−

ϕ (τ , p ± )

(76)

where we choose Gaussian weights to peak the wave packets. The
evolution of the wave packets has been studied through a numerical integration and as we can see in Fig. 4, the position of
the maximum of the wave packet k∗+ (τ , p ± ) as a function of
a overlaps exactly the trajectory of the anisotropies obtained by
the Ehrenfest theorem in (75). Thus, we can conclude that the
anisotropy dynamics is signiﬁcantly affected by the cut-off physics,
especially because of the scale factor no longer goes to 0. Indeed,
the minimum values of the variables {β+ , β− } remain ﬁnite during the whole evolution of the cyclical Universe. This feature has a
relevant physical meaning in view of implementing a Big-Bounce
cosmology [27] for the actual Universe. Since we can control the
value taken by the anisotropies variables across the bounce, via a
suitable choice of the initial conditions, then it is possible to argue
that the Universe remain suﬃciently close to an isotropic conﬁguration, even during the Planck era.
7. Phenomenological considerations
We want now to face some phenomenological questions concerning the physical meaning and the cosmological implementation of the considered model.
Actually, our model seems to be peculiar for two reason: the
choice of the cosmological model and the matter sources. Nevertheless, especially for what concerns the behavior of the primordial

Universe near the cosmological singularity, this is actually far from
the truth.
The choice of stiff and ultrarelativistic matter contributions is
well-posed near the initial singularity, since they represent the energy contributions due to the kinetic term of the inﬂaton ﬁeld and
due to the very hot thermal bath of ultrarelativistic particles (see
respectively [3], [28]). In particular, the presence of the stiff matter
is justiﬁed by its functional behavior as the inverse squared volume of its energy density: independently on the initial conditions,
such a contribution is destinated to dominate near enough to the
initial singularity, corresponding to vanishing Universe volume (we
observe that the equation of state of stiff matter is p = ρ and that
p > ρ would corresponds to a superluminar sound velocity). The
Bianchi I model is associated to zero spatial curvature and this feature makes it less general than other Bianchi types, especially the
Bianchi IX one (the most general, together the type VIII, allowed
by the homogeneity constraint and having the closed Robertson–
Walker geometry as isotropic limit [32], [29]).
However, as it is well known [33], [34], in the presence of the
stiff matter contribution (that mimics the kinetic term of a scalar
ﬁeld), the Bianchi IX Universe becomes chaos-free and admits a
stable Kasner regime (a Bianchi I type dynamics) towards the initial singularity. Furthermore, such a cosmological paradigm can be
easily extended to the inhomogeneous sector [1], [33], [36]; in fact,
near enough to the initial singularity, the space points dynamically decouple and locally the homogeneous behavior qualitatively
holds [3]. These considerations led us to consider the Bianchi I dynamics in the context of the polymer quantum cosmology, as the
properties of the singularity are investigated. Nonetheless, some
non-trivial questions remains open. Indeed, it is not clear if the
scenario traced above remains valid when the Bianchi IX dynamics
with stiff matter is analyzed in the polymer semi-classical approximation. Not only the presence of the chaotic behavior, but
also the existence itself of the singularity must be addressed by
a detailed speciﬁc study, whose issues could also depend on the
particular representation we refer to. A qualitative but solid argument is offered by the observation that, even in the polymer
semi-classical dynamics, the Bianchi IX model must be represented
by a piecewise evolution, whose single step is a potential-free
Bianchi I regime (the form of the Bianchi IX potential and its vanishing behavior in an increasing triangular region of the β± -plane
are substantially not affected by the polymer representation).
We can use the mean values we got form the Ehrenfest theorem
to estimate the asymptotic behavior of the potential next to the
singular point: we expect that the ﬁniteness of the anisotropies
mean values due to the existence of a bounce, can mitigate the
role played by such a spatial curvature contribution.
For this reason, considering now the Bianchi IX potential
V I X (β± ), were V I X explicitly reads as

V (β) =

√
1 −8β+
4
− e−2β+ cosh 2 3β−
e
3
3
√
2 4β+
+ 1 + e (cosh 4 3β− − 1)
3

(77)

In Fig. 5, we plot the quantity V I X ( β± (a) ). We use, to evaluate the potential term, the expectation values of the anisotropies
as a function of the isotropic variable a, as expressed by the integral representation (75), in order to study the evolution of V I X
towards the singularity. As it is possible to see in the Figure, for
suitable choice of the free parameters (i.e. of the initial conditions
for the model), it reaches a maximum (no longer diverging) value
in the Big-Bounce. By other words, differently from the ordinary
classical Bianchi IX dynamics, the existence of a cut-off on the vanishing behavior of the spatial volume induces a ﬁniteness of both
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8. Conclusions

Fig. 5. The behavior of V I X ( β± (a) ). The blue line represents the result obtained
for (77) using the numerical integration of (75) with similar terms. With the polymer application, the curvature potential term does not exhibits the typical diverging
behavior next to the singularity but rather it remains ﬁnite crossing the bounce. (For
interpretation of the references to color in this ﬁgure, the reader is referred to the
web version of this article.)

the anisotropies and the potential term (i.e. the contribution of the
model spatial curvature). As a result, we can infer that the information we get on the Big-Bounce in the present Bianchi I analysis
will remain almost valid even when the most general Bianchi IX
case is considered and, in this respect, the inclusion of stiff matter
in the dynamics appears a privileged choice both from a physical
(it represent the kinetic term of the inﬂaton ﬁeld) and a dynamical (it limits the role of spatial curvature in Einsteinian dynamics)
point of view.
The situation is a bit more subtle for what concerns the late
evolution of the considered model with respect to a Bianchi IX
cosmology. In fact, in the latter, the re-collapse of the Universe is
due to its non-zero spatial curvature, exactly as it takes place for a
closed Robertson–Walker geometry. Instead, in the considered scenario, the existence of a turning point for the Bianchi I dynamics
(and hence the emergence of a cyclical Universe) is associated with
the presence of a small negative cosmological constant. Although
our dynamical paradigm is simpler than a more realistic Bianchi IX
model, it captures the proper features of the re-collapse mechanism (in the isotropic limit the spatial curvature behaves like a,
while the negative cosmological term like a3 ), but avoiding the really non-trivial questions concerning the isotropization process of
the Bianchi IX Universe, for instance via the inﬂationary paradigm
(see the general analysis in [35]).
The only signiﬁcant limitation of the considered scenario is that
it could not be reconciliated with a dark energy associated to a
positive cosmological constant. In fact, since our negative cosmological term will cause a turning point in the future of the actual
Universe, it would be canceled by a positive cosmological constant accelerating the Universe today. However, for any other dark
energy equation of state p = w ρ with −1 < w < −1/3, such a
contribution would decay as the Universe expands and the negative cosmological constant soon or later, would dominate, producing the Universe recollapse. This diﬃculty would be naturally
overcome in the case of a Bianchi IX cosmology and it does not
affect the main focus of the present analysis, i.e. the emergence
of a non-singular Universe, having ﬁnite anisotropies, as result of
the semi-classical polymer dynamics. However, about the role that
a positive cosmological constant could play in the context of a
cyclical Universe, especially in view of its capability to stop the
associated oscillations, see the study in [37].

In this paper, we analyzed a Bianchi I cosmology in the presence of stiff matter, ultrarelativistic matter and a small negative
cosmological constant. The main aim of the present analysis was
to demonstrate that such a model constitute a good paradigm for a
cyclical Universe, whose anisotropy degree of freedom are always
ﬁnite and, in principle, they can be controlled via suitable initial
conditions.
In order to achieve the scenario of a cyclical Universe, we ﬁrst
implement the polymer quantization procedure to all the minisuperspace variables and then we consider an adiabatic quasiclassical separation of the Universe volume (i.e. the isotropic part
of the cosmic scale factors) with respect to the pure quantum
dynamics of the anisotropy variables (i.e. the real gravitational degrees of freedom, here described via the Misner variables β± ).
We demonstrated how the quasi-classical evolution of the Universe volume is characterized by the emergence of a Big-Bounce
cosmology, associated to a minimum of the corresponding conﬁgurational variable a, due to the cut-off physics implied by the
polymer approach. The presence of a later turning point in the
Bianchi I dynamics is ensured as effect of a small negative cosmological constant. In this respect, a phenomenological consideration
is needed to better focus our dynamical paradigm.
Such a constant must ensure a re-collapsing dynamics in the
future of the present Universe and therefore its value is postulated,
much smaller (at least 0.1 time) than the positive cosmological
constant that it is expected to accelerate the actual Universe.
It is worth noting that, in the more general case of a Bianchi IX
model, the role here played by the negative cosmological constant
would be replaced by the spatial curvature of the Universe, responsible for a potential term in the Hamiltonian dynamics. In
this respect, the present study must be regarded as the prototype
of the more general analysis of a Bianchi IX cosmology, see [25],
which nonetheless would contain additional subtleties about the
behavior of the emerging potential in the adiabatic quasiclassical
approximation.
Finally, we stress how the ﬁniteness of the anisotropy degrees
of freedom during the evolution of the present model is a relevant
cosmological issue.
In fact, the non-divergent character of the average value of the
variables β± allows to infer that, under a suitable restriction of the
initial conditions, the Universe can remain mainly isotropic across
the Big-Bounce.
This result opens a new scenario about the interpretation of
the present Universe as a step in the cyclical dynamics for a
singularity-free cosmology. This new point of view could also affect the understanding of the basic paradoxes which led to the
construction of an inﬂation paradigm [3].
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